



















ON SOME COMBINATIONS OF MULTIPLE ZETA-STAR VALUES
KOHTARO IMATOMI, TATSUSHI TANAKA, KOJI TASAKA, AND NORIKO WAKABAYASHI
Abstract. We prove that the sum of multiple zeta-star values over all indices inserted two 2’s
into the string 3, 1, . . . , 3, 1 is evaluated to a rational multiple of powers of pi2. We also establish
certain conjectures on evaluations of multiple zeta-star values observed by numerical experiments.
1. Introduction/Main theorem
We discuss some explicit evaluations of multiple zeta values (MZV’s for short) and multiple zeta-
star values (MZSV’s for short), which are defined, for positive integers k1, k2, . . . , kn with k1 ≥ 2,
by the convergent series




















respectively. The number k1 + k2 + · · · + kn is called weight . When n = 1, MZV’s and MZSV’s
coincide and are known as the special value of the Riemann zeta function at positive integers.
Special values of the Riemann zeta function have been investigated since Euler. Several results
are found for example in [7, 3, 15, 20]. For MZV’s, the following evaluation was proved by many
authors [8, 18, 5, 17, . . .]: for m > 0, we have






Zagier conjectured the formula





for n > 0 in [18], which was solved in [4] by using certain property of the iterated integral shuffle
product rule. Kontsevich and Zagier gave another proof of the formula in connection with the
Gauss hypergeometric function ([11]). In [6, 13], the following more general identity is proved: for
any non-negative integers n and m with n+m > 0, we have∑
j0+j1+···+j2n=m
j0,j1,...,j2n≥0







(2n+ 1)(2m+ 4n+ 1)!
, (1)
where {2}j stands for the j-tuple of 2. More precise conjecture is introduced in [4, Conjecture 1].
While the special evaluations are well studied in the MZV’s case, there are less observations on
special evaluations of MZSV’s. For m > 0, the property
ζ⋆(2, . . . , 2︸ ︷︷ ︸
m
) ∈ Q · pi2m
is proved for example in [8, 19, 1, 17]. In [12], formulas
ζ⋆(3, 1, . . . , 3, 1︸ ︷︷ ︸
2n
) ∈ Q · pi4n
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for n > 0 and ∑
j0+j1+···+j2n=1
j0,j1,...,j2n≥0
ζ⋆({2}j0 , 3, {2}j1, 1, . . . , 3, {2}j2n−1, 1, {2}j2n) ∈ Q · pi4n+2
for n ≥ 0 are proved.
In the present paper, we prove the following result.
Theorem 1.1. For any non-negative integer n, we have∑
j0+j1+···+j2n=2
j0,j1,...,j2n≥0
ζ⋆({2}j0 , 3, {2}j1, 1, . . . , 3, {2}j2n−1, 1, {2}j2n) ∈ Q · pi4n+4.
In section 2, we state a bit more general formula, which yields Theorem 1.1. In section 3, we prove
our main theorem (Theorem 1.1). In section 4 we give more precise conjectures on some special
evaluations of MZSV’s, which are observed by numerical experiments. We give some remarks on
our conjectures in section 5.
2. Key identities
To prove our main theorem, we describe some key identities here. It is suitable for stating our
key identities to use the algebraic setup of MZV’s and MZSV’s introduced by Hoffman [9] as follows.
Let the symbol H be the noncommutative polynomial algebra in two indeterminates x and y,
and H1,H0 its subalgebras:
H := Q〈x, y〉 ⊃ H1 := Q+ Hy ⊃ H0 := Q+ xHy.
The degree of a word is called its weight. We put zl = x
l−1y for l ≥ 1. The algebra H1 is the
noncommutative polynomial algebra over Q freely generated by {z1, z2, z3, . . .}. We define two
Q-linear maps Z,Z : H0 → R respectively by
Z(zk1zk2 · · · zkn) = ζ(k1, k2, . . . , kn), Z(1) = 1,
and
Z(zk1zk2 · · · zkn) = ζ
⋆(k1, k2, . . . , kn), Z(1) = 1,
which are usually called the evaluation maps. The weight of a word is that of the corresponding
MZV or MZSV.
It is well known that any MZSV can be expressed as a Q-linear combination of MZV’s and vice
















= ζ(k1, k2) + ζ(k1 + k2). (2)
Let γ be the automorphism on H characterized by
γ(x) = x, γ(y) = x+ y.
We define the Q-linear map d : H1 → H1 by
d(wy) = γ(w)y
for any word w ∈ H. Then the linear transformation between MZV’s and MZSV’s is expressed as
Z = Z ◦ d.
Let ∗ : H1 × H1 → H1 be the Q-bilinear map defined, for any words w,w′ ∈ H1 and any positive
integers k1, k2, by
1 ∗ w = w ∗ 1 = w
and the recursive rule
zk1w ∗ zk2w
′ = zk1(w ∗ zk2w
′) + zk2(zk1w ∗ w
′) + zk1+k2(w ∗ w
′). (3)
It is known that the product ∗ is commutative and associative ([9]). The product ∗ is called the
harmonic product on H1. We find that H0 ∗ H0 ⊂ H0 and the map Z is a homomorphism with
respect to the harmonic product.
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As is defined in [13], we introduce another Q-bilinear map x˜ : H1 × H1 → H1 by
1 x˜ w = w x˜ 1 = w
and
zk1w x˜ zk2w
′ = zk1(w x˜ zk2w
′) + zk2(zk1w x˜ w
′) (4)
for any words w,w′ ∈ H1 and any positive integers k1, k2. We see that the product x˜ is commutative
and associative. However, we notice that each of the evaluation maps Z and Z can not be a
homomorphism with respect to the product x˜.
Under these notations, we have the following formulas.













































Theorem 2.1 is the core property to prove our main theorem (Theorem 1.1). The proofs of theorems
are presented in the next section.
3. Proofs
First we prove Theorem 1.1 by assuming Theorem 2.1, the proof of which is given next.


























i) ∗ (z4j+2 ∗ z4k+2 − z4j+4k+4)
Evaluating (5) via the map Z, we obtain∑
j0+j1+···+j2n=2
j0,j1,...,j2n≥0

























ζ⋆({3, 1}j)ζ(4k + 2),
(6)
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where {3, 1}l stands for the string 3, 1, . . . , 3, 1︸ ︷︷ ︸
2l
and MZ(S)V of the empty index is regarded as 1.




ζ⋆({2}j0 , 3, {2}j1, 1, . . . , 3, {2}j2n−1, 1, {2}j2n) ∈ Q · pi4n+2m
for m = 0, 1 (see [8, 6, 19, 1, 12] for example). Therefore the right-hand side of (6) is expressed as
a rational multiple of pi4n+4 and we conclude the theorem. 























where zl = x

















































for n ≥ 0.
Proof of Theorem 2.1. The proof goes by induction on n such as (α0), (β0) ⇒ (α1) ⇒ (β1) ⇒
(α2)⇒ · · · . We find that the identities (α0) and (β0) hold by simple calculation. Assuming that it
has been proved up to (βn−1), we prove (αn). The key identity is
d(zk1 · · · zkn) =
n∑
i=1
zk1+···+kid(zki+1 · · · zkn), (8)
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These four identities add up to the left-hand side of (αn) because of (7). Therefore, again using
(7), we obtain
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for n ≥ 0. By this identity and the harmonic product rule (3), we write the first term of the



























































(j + 1)(j + 2)z(a+b)j+a+2cd(zb(zazb)
k). (22)
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for l ≥ 1. By using the x˜-product rule (4) and the identity (23), the second term of the right-hand




j) ∗ d(zka+b) (25)
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We see that identities









































































By (24) and the harmonic product rule (3), the third term of the right-hand side of (αn) (divided
by the coefficient −4) is calculated as∑
i+j+k=n
d((zazb)
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Hence we find
























































By (24) and the harmonic product rule (3), the fourth term of the right-hand side of (αn) (divided
by the coefficient −1) is calculated as∑
j+k=n
d((zazb)















































































































for n ≥ 0. By induction hypothesis and (59), we have
(9) = 2× (15) + (36)− 4× (45)− (55) (by (α0), . . . , (αn−1)),
(10) = 2× (17) + (38)− 4× (46)− (56) (by (β0), . . . , (βn−1)),
(11) = 2× (16) + 2× (19) + (37)− 4× (47) (by (59)).
Also we immediately find that
(12) = 2× (18),
(13) = 2× (20)− (57),
(14) = 2× (22)− (58),
0 = 2× (21)− 4× (48).
We have already observed that the left(resp. right)-hand sides of these seven equations add up to
the left(resp. right)-hand side of the identity (αn). Therefore we prove (αn). In the same way,
(βn) can be proved by using the induction hypothesis and (αn) for n. This completes the proof of
Theorem 2.1. 
4. Conjectures
We discover more general formulas when we search relations among MZV’s and MZSV’s based
on numerical experiments. For non-negative integers j0, . . . , j2n, put
Z(j0, j1, . . . , j2n) := ζ
⋆({2}j0, 3, {2}j1, 1, {2}j2, . . . , 3, {2}j2n−1, 1, {2}j2n).
We write two operators as
(j0, j1, . . . , jn)+ = (j0, j1, . . . , jn−1, jn, 0),
(j0, j1, . . . , jn)
+ = (j0, j1, . . . , jn−1, jn + 1).
Let us denote by Sn the symmetric group of degree n. For a vector S = (j0, . . . , jn) and σ ∈ Sn+1,
we define
σS = (jσ(0), . . . , jσ(n)).
Conjecture 4.1. Let n be a positive integer, j0, . . . , j2n−1 non-negative integers. Put m = j0 +




∈ Q · pi2m+4n.
Example 4.2. For the vector S = (0, 0), Conjecture 4.1 reads
ζ⋆(3, 1) ∈ Q · pi4,
which is shown in many ways. For the vector S = (1, 0), Conjecture 4.1 reads
ζ⋆(2, 3, 1) + ζ⋆(3, 2, 1)
?
∈ Q · pi6,
which is verified in section 5. For the vector S = (1, 0, 0, 0), Conjecture 4.1 reads
ζ⋆(2, 3, 1, 3, 1) + ζ⋆(3, 2, 1, 3, 1) + ζ⋆(3, 1, 2, 3, 1) + ζ⋆(3, 1, 3, 2, 1)
?
∈ Q · pi10.
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Conjecture 4.3. Let n, j0, . . . , j2n be non-negative integers. Put m = j0 + · · ·+ j2n. For a vector




∈ Q · pi2m+4n+2.
Example 4.4. For the vector S = (0), Conjecture 4.3 reads
ζ⋆(2) ∈ Q · pi2,
which is well known. For the vector S = (0, 0, 0), Conjecture 4.3 reads
ζ⋆(3, 1, 2)
?
∈ Q · pi6,
which is verified in section 5. For the vector S = (1, 0, 0), Conjecture 4.3 reads
ζ⋆(2, 3, 1, 2) + ζ⋆(3, 2, 1, 2) + ζ⋆(3, 1, 2, 2)
?
∈ Q · pi8.
We expect that these conjectures are primitive, i.e., partial sums of the left-hand side of our conjec-
tures cannot be rational multiples of powers of pi2. Conjecture 4.1 reduces to ζ⋆({3, 1}n) ∈ Q · pi4n
if m = 0, and Conjecture 4.3 to ζ⋆({2}m) ∈ Q · pi2m if n = 0. Both have been already proved (for
example, see [19, 12]).
Moreover, we experimentally verify the following formulas. The formulas can be proved alge-
braically for lower weights by using known relations such as extended double shuffle relation ([10]).
Some are discussed in the next section. But in general, we have not proved them yet.
Conjecture 4.5. A) For any integers n,m ≥ 0, we have
ζ⋆({2}n, 3, {2}m, 1) + ζ⋆({2}m, 3, {2}n, 1)
?
= ζ⋆({2}n+1)ζ⋆({2}m+1).
B) For any integer n ≥ 0, we have






C) For any integer n ≥ 1, we have∑
j0+j1+···+j2n−1=1
j0,j1,...,j2n−1≥0







Instead of the assertion A) of Conjecture 4.5, we prove the following weaker identity:













ζ⋆({2}i, 3, {2}j, 1) + ζ⋆({2}n) = (2n− 1)ζ(2n)
for n ≥ 1. We also find
ζ⋆({2}n) = 2(1− 21−2n)ζ(2n)
(see [2, 19]). Because of the Euler’s formula ζ(2n) = (−1)n+1B2n(2π)
2n
2(2n)! (where Bj denotes the j-th
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This equality holds since the generating function of the left-hand side coincides with that of the



































Lastly, we give a verification of A) and B) of Conjecture 4.5 in the first non-trivial case (in the
case of m = n = 1) by using the extended double shuffle relation proved in [10].
The extended double shuffle relation states as follows (see [10] for details). Let x : H × H → H
be the Q-bilinear map defined, for any words w,w′ ∈ H and u, v ∈ {x, y}, by
1 x w = w x 1 = w
and
uw x vw′ = u(w x vw′) + v(uw x w′).
The product x is commutative and associative on H, which is called the shuffle product. We











holds (see [16, Theorem 6.1]), which means that any w ∈ H1
x
can be expressed as
w = w0 + w1 x y + w2 x y
x2 + · · ·+ wn x y
xn (w0, . . . , wn ∈ H
0),
where yxi = y x · · · x y︸ ︷︷ ︸
i
. We denote its constant term w0 by regx(w). Then the extended double
shuffle relation states as follows.
Theorem 5.2 (Ihara-Kaneko-Zagier). For any w1 ∈ H




(w1 x w0 − w1 ∗ w0)) = 0.
By using Risa/asir, an open source general computer algebra system, we found the following two
identities (of weight 6):
d(z2z3z1) + d(z3z2z1)− d(z2z2) ∗ d(z2)
= −reg
x
(xy ∗ yx2y − xy x yx2y)− reg
x
(x2y ∗ x2y − x2y x x2y)
− reg
x
(x2y ∗ xy2 − x2y x xy2) + 4reg
x
(x3y ∗ y2 − x3y x y2)
+ 2reg
x
(x4y ∗ y − x4y x y)− 5reg
x
(x3y2 ∗ y − x3y2 x y)
+ 2reg
x
(x2yxy ∗ y − x2yxy x y) + 5reg
x
(xyx2y ∗ y − xyx2y x y)
and
3d(z3z1z2)− d(z3z1) ∗ d(z2)− d(z2z2z2)
= −reg
x
(x2y ∗ xy2 − x2y x xy2) + reg
x
(x2y2 ∗ xy − x2y2 x xy)
+ 2reg
x
(x3y ∗ y2 − x3y x y2) + reg
x
(x4y ∗ y − x4y x y)
+ 2reg
x
(x3y2 ∗ y − x3y2 x y) + 2reg
x
(x2yxy ∗ y − x2yxy x y)
+ 2reg
x
(xyx2y ∗ y − xyx2y x y).
Since the weight is relatively small, these formulas are verified by calculating perseveringly. Ap-
plying the evaluation map Z to these identities, we conclude A) and B) of Conjecture 4.5 when
m = n = 1, which also give a verification of the second formulas stated in Example 4.2 and 4.4.
14 KOHTARO IMATOMI, TATSUSHI TANAKA, KOJI TASAKA, AND NORIKO WAKABAYASHI
References
[1] Aoki, T., Kombu, Y. and Ohno, Y., A generating function for sum of multiple zeta values and its applications,
Proc. Amer. Math. Soc., 136, 387–395 (2008).
[2] T. Aoki, Y. Ohno, Sum relations for multiple zeta values and connection formulas for the Gauss hypergeometric
functions, Publ. Res. Inst. Math. Sci. 41 (2) (2005), 329–337.
[3] R. Ape´ry, Irrationalite´ de ζ(2) et ζ(3), Aste´risque 61, 11–13 (1979).
[4] J.M. Borwein, D.M. Bradley, D.J. Broadhurst, P. Lisoneˇk, Combinatorial Aspects of Multiple Zeta Values,
Electron. J. Combin. 5 (1998), Research paper 38, 12 pp.(electronic)
[5] J.M. Borwein, D.M. Bradley, D.J. Broadhurst, Evaluations of k-fold Euler/Zagier sums: A compendium of
results for arbitrary k, Electron. J. Combin. 4 (1997), no. 2, Research Paper 5, approx. 21 pp. (electronic).
[6] D. Bowman, D.M. Bradley, The algebra and combinatorics of shuffles and multiple zeta values, J. Combin.
Theory Ser. A 97 (2002), 43–61.
[7] L. Euler, De summis serierum reciprocarum, Commentarii academiae scientiarum Petropolitanae 7, 1740, 123–
134.
[8] M. Hoffman, Multiple harmonic series, Pacific J. Math. 152 (1992), 275–290.
[9] M. Hoffman, The algebra of multiple harmonic series, J. Algebra 194 (1997) 477–495.
[10] K. Ihara, M. Kaneko, D. Zagier, Derivation and double shuffle relations for multiple zeta values, Compositio
Math. 142 (2006), 307–338.
[11] M. Kontsevich and D. Zagier, Periods, Mathematics unlimited—2001 and beyond, Springer, Berlin, (2001),
771–808.
[12] S. Muneta, On some explicit evaluations of multiple zeta-star values, J. Number Theory 128 (2008), no. 9,
2538–2548.
[13] S. Muneta, A note on evaluations of multiple zeta values, Proc. Amer. Math. Soc, 137 (2009), no. 3, 931–935.
[14] Y. Ohno, N. Wakabayashi, Cyclic sum of multiple zeta values, Acta Arith. 123 (2006), 289–295.
[15] T. Rivoal, La fonction zeta de Riemann prend une infinite´ de valeurs irrationnelles aux entiers impairs, C. R.
A. S. Paris Ser. I Math, 331.4 (2000), 267–270.
[16] C. Reutenauer, Free Lie Algebras, Oxford Science Publications, 1993.
[17] Y. Yamasaki, Evaluations of multiple Dirichlet L-values via symmetric functions, J. Number Theory 129 (2009),
no. 10, 2369–2386.
[18] D. Zagier, Values of zeta functions and their applications, First European Congress of Mathematics, Vol. II
(Paris, 1992), 497–512, Progr. Math., 120, Birkha¨user, Basel, 1994.
[19] S.A. Zlobin, Generating functions for the values of a multiple zeta function, Vestnik Moskov. Univ. Ser. I Mat.
Mekh. no. 2 (2005), 55–59; English transl., Moscow Univ. Math. Bull. 60:2 (2005), 44–48.
[20] W. Zudilin, One of the numbers ζ(5), ζ(7), ζ(9), ζ(11) is irrational, Russian Math. Surveys 56 (4) (2001), 774–
776.
Graduate School of Mathematics, Kyushu University, 744 Motooka Fukuoka-city, Fukuoka, 819-0395
Japan,
E-mail address: k-imatomi@math.kyushu-u.ac.jp
Faculty of Mathematics, Kyushu University, 744 Motooka Fukuoka-city, Fukuoka, 819-0395 Japan,
E-mail address: t.tanaka@math.kyushu-u.ac.jp
Graduate School of Mathematics, Kyushu University, 744 Motooka Fukuoka-city, Fukuoka, 819-0395
Japan,
E-mail address: ma209026@math.kyushu-u.ac.jp
Faculty of Engineering, Kyushu Sangyo University, 3-1 Matsukadai 2-chome, Higashi-ku, Fukuoka,
813-8503 Japan,
E-mail address: noriko@ip.kyusan-u.ac.jp
